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1. Introduction 

This table, which is an outgrowth of the author's experience in the theoretical study of signal 
statistics, contains infinite integrals of Bessel and modified Bessel functions reducible to complete 
elliptic integrals. ! The formulas listed below are those important in applications and all results 
are expressed in conviently compact forms. 

The materials were first extracted from the author's own memorandum which were then thor- 
oughly augmented and rearranged in the present form by scrutinizing various published books 
and papers. 

The parameters used in this table are usually positive real and notations occurring several 
times on a section are explained at the top of the section. 

2. Integrands Involving Bessel Functions of the First Kind 
2.1. k 2 = 



,,_ V£M^-p 



2 Vp 2 + a 2 



Too \/T—2k 2 

e-P* 2 J (ax 2 )dx= K K{k). OL 119 (13.2) (1) 

Jo VTTD 



fx V7i _0£2\3 

e-P* 2 Max 2 )x*dx= K P2J - [2E (k) - K(k)] . 

Jo 2 V7TP 3 



7rp° 

OL 119 (13.1) (2) 



Jo 



V(l- 2A- 2 ) 5 
e-** % Max 2 )x 4 dx=— ^—^J- [8(l-2k 2 )E(k) - (5 - Sk 2 )K(k)]. (3) 

4 V7Tp 5 



1 Including Bierens de Haan, D., Nouvelles Tables d'Integrales Definies (Leide, Amsterdam 1867), there exists a considerable literature on complete elliptic 
integrals involving algebraic, trigonometric, hyperbolic or logarithmic integrands. 
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J** Vn — 9k 2 ) 7 

e-P* 2 J (ax 2 )x 6 dx= ^ / ^ = L - [2(23-128A: 2 +128/c 4 )^(A:) - (31-144P+128/c 4 )K(A:)]. 
o 



8 Vt7p 7 



C x Vl — 9k 2 

e-***J l {ax i )dx = - P==== [E(k)-(l-k*)K(k)]. 

Jo k virp(\ — k') 



(4) 
(5) 



c » vn — 9k 2 ) 3 

J o e-P*y 1 (ax*)x*dx= ^pj===± r) [{l-k*)K(k)-(l-2k*)E(k)l (6) 



roc V(l — 2A: 2 ) 5 

e-^7i(^ 2 )^ 4 ^- , ? , / ^-^ 7 ^-^ [(l-A: 2 )(l-8/c 2 )K(yc)-(l-16A: 2 +16A: 4 )^(A:) ]. (7) 
J o 



J 



e-P x2 J 1 (ax 2 )x~ 2 dx = 



4A:Vttp 5 (1-F) 

2V^ 



[(1-£ 2 )XW-(1-2F)£U)]. 

3AVtt(1-A 2 )(1-2A 2 ) (8) 



r* V1-2A: 2 

e-^7 2 (ao: 2 )^ = r:77: — [ (1 - k 2 ) (2-3k 2 )K(k) -2(1 -2k 2 )E(k) ]. (9) 

•J 



3A: 2 (l-A: 2 )V7rp 



f 

■> 



V(l-2)t 2 ) 3 

e-P* 2 J 2 (ax 2 )x 2 dx = == [ 2(1 -k 2 + k 4 )E(k) - (l-k 2 )(2-k 2 )K(k) ]. 

2A 2 (l-/t 2 )V^ (10) 



r- V(1-2A 2 ) 5 

e-P* z J 2 (ax 2 )x 4 dx = T77Z — [ (2 + 5A* - 8A 4 ) 

J 



4**(1-A*)\^« 



X(1-A: 2 )K(A;)-2(1-2A; 2 )(1+4A: 2 -4A: 4 )£(£)]. (11) 



C x V(1-2A: 2 ) 7 

e-P^j2(ax 2 )x 6 dx = ^ 7r ^ — 777-7== [ (2 + 15A: 2 -144A: 4 +128A: 6 ) 
J 



8P(l-A: 2 )V7rp 7 

X (1-F)£(A:)-2(1 + 7P-135£ 4 + 256F-128A; 8 )£(A:) ]. (12) 



J 



/: 



e-P**Jz(ax 2 )x- 2 dx = 



2Vp 



e-" x2 Ji{ax 2 )dx = 



15/c 2 (l - A; 2 ) Vtt(1-2A: 2 ) 

X [2(1-Jfc 2 + /H)£(A;)-(1-A; 2 )(2-A; 2 )K(A:)]. 

Vl-2/c 2 



15FVttp(1-A; 2 ) 



[ (8-23/c 2 + 23/c 4 )£'(A') 



f» V(1-2A- 2 ) 3 

e-P*73(q* 2 )* 2 <fo= 7T77^ ===r == [ (8-15£ 2 + 3/c 4 ) 
■» 



6FV77p 3 (l-/t 2 ) : 



x (1 — A: 2 )/«:(^) — (8 — 19A: 2 + 9A: 4 — 6yt 6 )£(A) ]. 
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(13) 



(l-A- 2 )(8-19/c 2 +15A: 4 )K(A:)]. (14) 



(15) 



J. 



2V7) 

e-» r2 J :t (ax 2 )x- 2 dx = ; 

1 05k 3 Vtt(1-F) 3 (1-2A- 2 ) 



[(I-* 2 ) 



x(8-\5k 2 + M 4 )K(k)-(8-\9k 2 + 9k 4 -6k* i )E(k)]. (16) 



2.2. k\=- (1 -Vl -a 2 y 2 ), 



k*=-0-vT-bV), 



p a +a i! +b il + V(p 2 + a 2 + b 2 ) 2 -4a 2 b 2 



^ 



r 



e-fJiiax'Woibx^dx-- 



2\fy 
e-P* 2 J (ax*)Jo(bx*)dx= -=K(ki)K(k,) . 

Vtt z 

2Vy 



A,Vtt- 3 (1-/c 2 ) 



2Vy 



J e»* 2 J l (ax 2 )J,(bx 2 )dx = 

Jo 3Ar,A: 2 V-n- 3 (l — Arf ) (1 — Jt§) 



J ii 



■J2(ax 2 )j„(bx 2 )dx = 



x[(l-2k 2 )E(k l )-(l-k 2 )K(k l )} 

x[(l-2k 2 )E(k,)-(l-k 2 )K(k,)]. 
2V7 



% 2 (1-A- 2 )V^ 
x[ (l-*f)(2-3*!)«(*i)-2(l-2*f)fi(A,)] 

X[8(l-2fe)^(fa)-(5-8^)X(*,)]. 



(1) 



X [£(*,) -(1-A- 2 )K(*,) ][ 2E(*«) -£(*,) ]. (2) 



(3) 



(4) 



f e ~ PXXJiiax2)Mbx2)dx== TEkJk7o 



2Vy 



x [2(1 - A? + *})£(*,) - (1 - *f )(2 - *?)K(*i)] 

X [(1-A: 2 )(1-8A: 2 )K(A:2) - (1 - 16k 2 + 16k*) E(k 2) ]- 

2Vy 



I " e - p** I ., (ax 2 ) I ■>( bx 2 ) dx = 

J. Jt\ax )j t \ox )ax 105A 2 A |( 1 _ A 2) (1 _ A 2) V77 3 



X [(1 — A 2 ) (2 + 5A: 2 — 8Af )K(A,) - 2(1 - 2£ 2 ) (1 + 4£? - 4A«)E(A,)] 

x [ (1 - /c 2 ) (2 + 5Ar 2 - M 4 )K(k 2 ) - 2(1 - 2k 2 ) (1 + 4/c 2 - U*)E(k 2 )]. 
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(5) 



(6) 



2.3. k 2 = 

p 2 + a 2 



\ e- 2 P*P (ax)x 2 dx = [ (3-2k 2 )E(k)-(l-k 2 )K(k) ]. (1) 



f °° k 

e~ 2 ^J\(ax)x 2 dx = [ (l-k 2 )K(k) - (l-2k 2 )E(k) ]. BY 251 (561.08) 2 (2) '\ 

Jo 4irp 2 a 

f 00 4a 

e- 2 ^7f(a^)x- 2 ^ = [ (1- k 2 )K(k) - (l-2k 2 )E(k) ] -p. (3) 

Jo 3-rrk 3 

f «-**/} (a*)*dfc = [ (16 - 16k 2 + k 4 )E(k) -8(1- k 2 ) (2- k 2 )K(k) ]. (4) 

Jo 2irpak 3 

e- 2 ^ 2 (ax)*- 2 dx = [ (l-yc 2 )(4-h3/c 2 )A:(A:)-(4-hyc 2 -6A: 4 )£(^)]-^ (5) 

Jo 15irk b l 



2 A. k 2 = 



p 2 + a 2 



(1) 



re-^J 2 (ax)J l (ax)x-'dx=^[Ml-k 2 )K(k)-(i-Sk 2 )E(k)]- £ ' 
Jo 377/r a 

f X e-*P*Jz(ax)J l (ax)dx = 1 -^ T z [(32 - 38k 2 + 3k 4 ) K(k) -2 (16 -23k 2 ) E(k)]-% (2) 

Jo 67Tak' 5 a z 

l^ e- 2 ^J 3 (ax)J 2 (ax)x- l dx=— ^— [4(1 - k 2 ) (8 + k 2 )K(k) - (32- 12k 2 - 23k 4 )E(k)]-£ 
Jo 15777c 5 a 



P 

(3) 



2.5. Jc 2 = 4 ° b 



p 2 +(a + b) 2 



f " e-P*Jo(ax)J (bx)dx= -^==K(k). BY 248 (560.01) 

Jo 



nVab 



C oo nk 3 

I e-^J (ax)y (fa)«fa= - ,/ r- ^EW. LU 316 (19) (2) 

Jo 47r(l — At) \ (ab) 3 



2 The right-hand side in BY 251 (561.08) is incorrect. 
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f" e-r*Max)Mbx)xdx- 



k_ 

87r(l-/c 2 )aV(a6) 3 

LU 317 (21) (3) 



(■" er9*Max)Mbx)dx= — K= [(2-k 2 )K(k)-2E(k)]. 
Jo rrkwab 

BY 249 (560.02) (4) 

f" e-P*J 1 (ax)J l (bx)xdx=—- £ !Z— -y== [(2- k')E(k) - 2(1- k')K(k)]. 
Jo 47r(l— A: 2 ) V(ab) 3 

LU 316 (20) (5) 

I"" e-P*Max)J 2 (bx)dx= - -7 ,— [(4-A 2 )(4-3A 2 )K(A) -8(2-A 2 )£(A)]. 
Jo 67rk s vab 

BY 248 (560.03) (6) 

f " e-**Max)Mbx) dx = ^J ^ [(128 - 128^ + ISA-*) 

x (2 - /^)A^(A) - 2(128 - 128& 2 + 23h*)E(k)]. (7) 

f " e-P*J 4 (ax)J 4 (bx) dx = — - = [(6144 - 12288A 2 
J () 10577A- 7 Va6 

+ 8000A- 4 - 1856A« + 105A«)/C(/r) - 32(2 - A 2 ) (96 - %A 2 + 1 1A 4 )£(A)]. (8) 

2.6 k =-z ; — =sin 2 a, sin/3 = — f = 

p 2 +(a + fo) 2 H Vp*+( a -b) 2 



A (a, /i) is Heuman's Lambda function. :i 



f °° /;A 1 1 

e-P*Ji(ax)J (bx)dx = --—^- F =K(k) - — A (a,/3) + -, a> 6; 
J A lttciV ab la a 



Z7ra 2 2a 

— ^=K(k) +— Ao(a,fl) f a< o. 
2iTaVab 2a 

LU 317 (22) (1) 



J e-P x Ji{ax)J {bx) x~ l dx = -E{k)+ —=r-K(k) + -A (a,j3)- a>6; 

J o 



2Va/3 k(a 2 -b 2 ) p p 

£(*)+- pfXWH- — Ao(a,i8)-^ 

7raA: 2rraVab 2a 



2 P 

■-E(k) , a=b; 

irk 2 a 



:l In connection with the Heuman's Lambda function the reader should consult BY pp. 35-37. 
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2Vab k(a 2 -b 2 ) p 

■ E(k)+ — 7 =J-K(k)- — Ao(a,p) 9 

irak 2ira \ab 2a 



<b. 



LU 318 (24) (2) 



f X p pk(p 2 + 2a 2 + 2b 2 ) (a 2 -b 2 ) 

e-**J 1 (ax)J 1 (bx)x- 1 dx = j=E(k) ; K(k) + Ao(a,B) 

Jo 



TrkVab 

b 

H , a>b; 

2a 



47rV(a6) 3 



4ab 



p pA(p 2 + 4a 2 ) 1 

= E(k) K(k) +-, a=b; 

nak 47ra 3 2 



p pk(p 2 + 2a 2 + 2b 2 ) (a 2 -b 2 ) 

:E(k) : == K(k) — Ao(a,/8) 



nkVab 4>irV(ab) 3 



\ab 



2b 



LU 318 (25) (3) 



J o 



4Va& 

e-P*J 2 (ax)J (bx)dx = E(k)- 

ira 2 k 7Ta 2 vab 



kb 2 p 2p 

K(k)+ — A (a,j8)- — , a>6; 
a 2 a 2 



4 k p 

-■ E(k) K(k) , a= b; 

irak ua a 2 



4Va6 kb 2 p 

-E(k) 777 =K(k)-—Ao(a,p), a<b. 



ab 



(4) 



pk 



pA 3 



f e-P*J 2 (ax)Jo(bx)xdx= 7=K(k) 7 =E(k) A (a, fi) 

Jo >na 2 \/ab 4tt(1-A 2 ) V(ab) 3 a 2 



H , a>6; 



pA pA 3 1 

K(jfc) E(k)+— 9 a=b; 

Tra 3 47r(l-A 2 )a 3 a 2 



pk pA 3 
■7=^(4) ; £(&) 



7ra 2 \ / ab 4tt(1 - A 2 ) V(a6) 3 



-f— A (a,j8), a<&. 



(5) 
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e-»*J 2 (ax)J,(bx) dx = ' E(k)- ' ,' , — K(*) - — A («, j3) 
Jo irkaVab Zttciv (ao) 3 la 1 



+— , a>6; 



7T(l Z h LIT or La 

rrkavab Lrrav (ab)* La 2 

+-, a<6. (6) 

2.7. fc* = ' 



(a + b) 2 



f" Ji(ax)Jt(bx) x--hlx = p^r [(a* + b*)E(k)-(a-b)*K(k)]. (I) 

rj 2 ( ( a)J,(/«) ^-'^=— !— [(a-b)(a? + 2b*)K(k)-(a + b)(a*-2P)E(k)]. (2) 

Jo 37ra 2 o 

f X ./ :! («-0./,(/«) dx= - .,.' — r [(a* + a^-86*)/(:(A)-(a+fe)Ma 2 -862)£(A)]. (3) 
Jo 07ra 3 o(a-|-o) 

f X 7s ( ax) Jo ( 6* ) x- hlx = _, * [ (a - 6) ( 2a 4 + 5a 2 /; 2 + 86< ) A' ( /, ) 

Jo 157T«' ! 2 

- (a + i)(2a 4 + 3a 2 6 2 -86 4 )£(jfc)]. (4) 

f" Max)J 2 (bx) dx = Tz * [(«« + 4« 4 6 2 + 4« 2 /> 4 -24^) 

Jo lbTT(rb z {a + b) 

XK(k)- (a+b) i (a* + 4.a?b i -24b 4 )E(k)]. (5) 



2.8. k 2 = — , b>a 

2b 



f" Jl(ax)Jo{2bx) dx = \ [K(k)¥. (1) 

Jo IT O 

\ X Jl(ax)J 2 (2bx)dx = ^r [2E(k) -K{k)]K (2) 

Jo 77 2 

Ji(ax)J n (2bx)dx = ^7,[E(k)-(l-k')K(k)]K 

Jo 7i- 2 a 2 

f x 86 

Ji(ax)J.,(2bx)dx = — ?-,[(l-k>)K(k)-(l-2k*)E(k)¥. 
Jo 377-a- 



(3) 
(4) 
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554-917 OL - 74 - 2 



f x 32/> 3 

Jl(ax)Jo(2bx)dx = ^- T - 4 [(2-M 2 )(l-k>)K(k)-2(l-2k 2 )E(k)] 2 . (5) 

Jo y7r z a* 

Too QO/,3 

yi(^)J 2 (26^)^ = --|^[2(l-F + A; 4 )£U)-(l-F)(2-F)A:U)] 2 . (6) 

Jo LD7T z a* 



\: 



Jl(ax)J 4 (2bx)dx= Jf° 2 - [(2 + 5A 2 -8^) (l-k 2 )K(k) 



10577 



-2(1-2F)(1+4A: 2 -4A: 4 )£(A:)] 2 . (7) 



yi(a»)y (26»)<fa=- " 6 [(8-2M i + 23k*)E(k)-(l-k 2 )(8-19k 2 +15k*)K(k)] 2 . (8) 

^0 ZiZiOTT CI 



22577 2 a 
1286 



f : °y?(a^)y2(26A;)&=-^ [(8-15A; 2 + 3A; 4 ) (1 -k 2 )K(k) - (8-19k 2 + 9k 4 -6k 6 )E(k)] 2 . 
Jo 3lbiT 2 a b 



(9) 



»••• fe ?=^ «• 



A 2 ' 2 abed 

16A 2 =(a + b + c-d)(a + b + d--c)(a + c + d-b)(b + c + d-ci) 



r°° i 

t /o(«^)yo(^)J r (c%)y (^)^^ = ^rT £(&i), A 2 > aicd; 

Jo 77 2 A 



nWabcd 



K(k 2 ), A 2 <abcd. WA414 (9) (1) 



3. Integrands Involving Bessel Functions of the Second Kind 



„ V p 2 -ha 2 + p 
3.1. k 2 = P ^—= ^ 
2 V p 2 + a 2 



e-**%(a* 2 )<fc = ^= -£(£). 

Jo 



Jo 



e-P* 2 Y (ax 2 )x 2 dx = 



TTp 

V(2/t 2 -l) 3 



2 VvrpS 



[2E(*)-K(*)]. 



(1) 



(2) 



f w V(2& 2 — 1 ^ 5 

e-P* 2 Y (ax 2 )x 4 dx = V *, - } [8(1 -2k 2 )E(k) - (5-8k 2 )K(k)]. 

Jo 



4 VTrpS 



(3) 



roo V(2A- 2 — l) 7 

e-P* 2 Y (ax 2 )x 6 dx= \ ^ ^= - [2(23 -128k 2 + 128k 4 ) E(k)-(31-14Ak 2 + 128k 4 ) K(k)]. 

Jo 



8 Vttp 1 



(4) 
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f x V72A- 2 — 1 1 3 

e-^T^a* 2 )* 2 *^ } \' [(l-jfc»)g(t)-(l-2t«)g(jfc)]. 

Jo 



f: 



e-**Ti(ax 2 )* 4 d* : 



2A: V 77 - p 3( 1 _ A .2) 
V(2A: 2 - l) 5 



(5) 



4AVttp 5 (1 -A 2 ) 

x [(l-yc 2 )(l-8A: 2 )^(A:) - (1 - 16A; 2 + 16k 4 )E(k)]. 



e-P x2 Y l (ax 2 )x 6 dx = 



V(2A; 2 - l) 7 



8A:VVp 7 (l-/c 2 ) 
X [(3 - 80A: 2 + 128A: 4 )!(1 - k 2 )K{k) - (3 - 134A: 2 + 384A; 4 - 256Jfc 6 )£(A)]. 



(6) 



(7) 



€ PX Y 2 (aX 2 )X 4 dx = — T7T7Z y9 v A r- 

Jo 4& 2 (1 - k 2 ^ V^-nS 



Jo 



(1-/c 2 )Vtt^ 
x[(2 + 5A- 2 - 8k 4 ) (1 - /c 2 )K(£) - 2(1 - 2F) (1 + 4F - U 4 )E(k)]. 

V(2A 2 -1) 7 



e-P* 2 Y. 2 (ax*)x«dx- 

ok 2 (i. — k z ) Vttjv 

X [(2+15F-144A: 4 +128F)(l-F)A:(A) -2(1 + lh?- 135/t 4 + 256/c« - 128A»)£(A)]. 



(8) 



(9) 



3.2. k 2 



p 2 + a 2 



I " e- 2 "- r K„(a^)y (a^)^ =-— K(k) 
Jo -n-p 



OL 122 (13.18) (1) 



/; 



e- 2 P*Y () (ax)Jo(ax)xdx = -— — ? [K(k)~E(k)]. 

Zirp 2 



foe /. 

e- 2 P*Y (ax)Jo{ax)x 2 dx = -- - [( 1 + A 2 )K(k) - (1 + 2£ 2 )£(*)] . 

Jo 47TP 3 

["e-^FolaAOJolax)^ 3 ^^--^— [2(1 -2k 4 )K(k) + (2 + A; 2 + 8A; 4 )£(£)]. 

Jo 07TP 4 



(2) 
(3) 
(4) 



a- Va 2 — b 2 

3.3. k 2 =- ^ — . «>b 

2a 



/v. 

J 



(ax 2 )7o(^ 2 )^ = - -^.X(A). 
27r 2 Va 



(1) 



Jo 



(ax 2 )Jo(bx 2 )x 2 dx z 



■(I) 



77 2 Va(« 2 -6 2 ) 



K(A). 



(2) 
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/> 



4P 



{ax 2 ) J i (bx 2 )dx = 



4/Va 



7T 2 6 



[E(k)-(l-k 2 )K(k)]. 



(3) 



/> 



(ajc 2 )J 2 (^ 2 )^ : 



2r2 (i)v^ 

9tt 2 6 2 



[ (2 - 3A- 2 ) ( 1 — A- 2 ) /t( A) — 2 (1 — 2A- 2 )£ (A ) ] . (4) 



J Y t (ax 2 )J 1 (bx 2 )dx = S -^—[(l-k z )K(k)-(l-2k 2 )E(k)]. 



(5) 



2P - Va 
f 00 ^4/ 

F,(ax 2 )./,(&c*)**<fc = ; [(1 -k a >)K (A) - (l-2£*)£(i)]. 



(6) 



F,(cw 2 )./2(6* 2 )<fe = r ,,, [2(1 -k 2 + k 4 )E{k)- (2-P) (1 -**)£(*)]. (7) 






2P 



^(a^XM&x 2 ) dx 



2b — [(2 + 5F-8A") (l-A- 2 )/<:(A) 



-2(1 — 2A 2 )(1+4A 2 — 4A 4 )£'(A)]. (8) 



3.4. k 2 = - 



a 2 + b 2 



( Y (ax)K (bx)dx = - jK(k). 
Jo b 



OB 152 (2.29) (1) 



4. Integrands Involving Modified Bessel Functions of the First Kind 



4.1. k 2 = 



2a 

p+a 



p > a 



f~ e-"*7 
Jo 



(aa; 2 )cfa; ; 



[" e-"*7 (a 



% 2 )% 2 rf% = 



/27TO 

A 3 



4(l-/c 2 ) V2™ 



K(k). OL 119 (13.5) (1) 

E(k). NM151 (2) 



/; 



e-»*%(ax 2 )x*dx= — — -£— ^==[2(2-A*)£(t)-(l-*«)A:(A).] 
16(1 — A 2 ) 2 V277a° 



NM 151 (3) 



4 The integrals of the same types as compiled in 2.1-2.6, 6.1-6.7 which involve I n (x) in place of J„(x) are also expressible in terms of K(k) and E{k) . whose 
results may be deduced from those without difficulty by using the relation J„(ix) — i"I n (x). Some of those results are also found in: WA 391 (5); OL 122(13.21)- 
(13.23), 123 (13.24M13.27); OB 152 (2.30), (2.31), 153 (2.38). 154 (2.40), (2.41); BY 251 (562.01)-(562.04). 
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/; 

Jo 



e-" r '%(ax 2 )x K dx = 



64(1-P) :t VW 



[(23-23k 2 + Sk')E(k)-4(l-k 2 )(2-k 2 )K(k)]. 



Jo 



e-»*%(ax 2 )dx= j= [(2- k 2 )K(k) -2E(k)]. 



k V2 



-'o 



e-v* 2 I xiax 2 ) x 2 dx 



4(1 -k 2 ) V2W 



[(2 -k 2 )E(k) -2(1 -k 2 )K(k)]. 



(4) 
(5) 

(6) 



f" e^* 2 /, 



(ox 2 ) % 4 c?x ; 



/: 



16(1 -£ 2 ) 2 V27ra 5 

2V2^ 



[2(1 -A 2 + **)£(*) - (2-yc 2 ) (1 - k 2 )K(k)]. 

NM 151 (7) 



e-**7,(a* 2 ) x 2 dx = - r —- [(2 - k 2 )E{k) - 2(1 - k 2 )K(k)]. 



3V7TA- 3 



(8) 



e - px2 l2(ax 2 ) dx 



3k 3 V27ra 



[(16 - 16F + 3k 4 )K(k) - 8(2 - A; 2 ) (1 - k 2 )E(k)]. (9) 



Jo 
J V'"7 2 (ax 2 )x 2 dx = 4A(1 _^ )V2to 3 , [ (16 " 16 ^ + * 4)£W " 8(1 _ k%) (2 " **>*<*) I- 



(10) 



f 



e~P x2 I 2 (ax 2 ) x 4 dx = 



16(l-^V2^ [tl6 - 16F -^ 

X (1-A 2 )K(A-) - 2(2 -ft*)(4- 4ft* -£*)£(£)]. 



* e"" x2 
Jo 



/ 2 (ax 2 )j( 6 c(i : 



a 3 



[4(2-2A 2 -A 4 ) 



64(1-A 2 ) 3 V27ra 7 

x (2 -A 2 )(1-A 2 )K(A)- (16-32A 2 + 9A 4 + 7k 6 -8k 8 )E(k)]. 



(~ e-P* 2 h(ax 2 )x- 2 dx= 2 V j^_ [(16-16A 2 + A 4 )£(A) —8(2 — A: 8 ) (1 -A 2 )K(A)]. 
Jo 



15 VttA 5 



I 1 " e-P'% 

Jo 



s(ax 1 )dx= 7= [(128-128A 2 + 15A 4 ) 



15A 5 V277a 



Jo 



(ax 2 )x 2 dx = 



X(2-k 2 )K(k)-2(128-128k 2 + 2M 4 )E(k)]. 

. [(128-128A 2 + 3A 4 ) 

12A 3 (1-A 2 ) V<W 

X(2-A 2 )£(A)-2(1-A 2 )(128-128A 2 + 27A 4 )K(A)]. 



1 



I e-" x2 J 

J 



/. t (a;c 2 )% 4 eh; = 



1 



[(128-128A 2 -A 4 ) 



16A(1 — A- 2 ) 2 Vw 

x(2-k 2 )(l-k 2 )K(k)-2(\28-256k 2 + \Z5k 4 -7k< , -k»)E(k)]. 
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(11) 



(12) 



(13) 



(14) 



(15) 



(16) 



f e - px 



%(ax 2 )x 6 dx = 



[(l2S-256k 2 + 99k 4 + 29k 6 + 8k 8 )(2-k 2 )E(k) 



64(1 — /t 2 ) 3 V2~TTa? 

-2(1- k 2 ) (128-256k 2 + l23k* + Sk e + 2k 8 )K(k)]. (17) 



[' e-P**I 3 (ax 2 ) x~ 2 dx = 1A 2 C Y^W [(128- 128£ 2 + 3A: 4 

J I IIS X/TTk-' 



105 VttF 

X (2 - £ 2 )£(A;) - 2(1 - k 2 ) (128 - 128/c 2 + 27k*)K{k)]. (18) 



r x 8 V2« 3 

e-P^/ 3 (ax 2 ) x" 4 rfx = p^T7=s [(128 - 128A; 2 - A: 4 ) (1 - k 2 ) 



945 VttA; 9 

X (2 - k 2 )K(k) - 2(128 - 256k* + 135/c 4 - 7£ 6 - h B )E(k)~\. (19) 



f* 32 V2/7 5 

e-^V 3 (ax 2 ) *- 6 <fo = " — [(128 - 256A* + 99k 4 + 29A; 6 + &k g ) 

J o 10395 V^" 

X (2 - k 2 )E{k) - 2(1 - k 2 ) (128 - 256A* + 123/c 4 + 5A; 6 + 2k 8 )K(k)]. 



(20) 



1 



4.2 k 2 =— (V^+b-V^) 2 (V^+2b-V^+b) 2 , k 2 + k' 2 =l 
b 2 



r» 4 
x «.-*«+« */j|(ax)/o(2&*)<fc = P (V^+26- V^+6) K(k)K(k'). MV 228 (1) 



4.3. k 



— «\2 



Vp + o/ 



f» 1 

e- 2 P*h(ax)Ko(ax) dx= K(k). 

Jo p + a 



ET II 370 (48) (1) 



/* 

Jo 



e~ 2px Io(ax)Ko(ax)xdx = 



[(p + a)E(k)-2 P K(k)]. 



4p(a 2 -p 2 ) 

f X e- 2 ^/o(a^)Xo(ax)^ 2 ^= FTr — \-, ~r 2 [(d 2 -3 P 2 )E(k) + 2p(2p-a)K(k)]. 

Jo op (a-tp)ya p) 



4.4. k 2 = 



Va 2 



j\ 2 

+ b 2 + a/' 



(2) 



(3) 



k 2 +k' 2 = 1 



Jo 



(ax)K (ax)Jo(2bx)dx = — K(k)K(k'). OB 23 (2.116) (1) 

7TO 



Jo 



(ax)Ko(ax)7 2 (26^)^= 7 ^r 2 [2£W-(l-A 2 )K(A)][(2-A:' 2 )/C(A')-2£(r)]. (2) 



/; 



770A: 
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(3) 



f" h{ax)K i {ax)h{2bx)dx=^~^[{\ + k 2 )E(k) 

- (1- k 2 )K(k)][(2- k' 2 )E(k') -2(1- k' 2 )K(k')]. (4) 

f" h(ax)K 2 (ax)M2bx)dx=^^ i [(2 + k 2 )K(k) 

-2(l + k 2 )E(k)][2(2-k' 2 )E(k')-{l-k' 2 )K(k')]. (5) 

5. Integrands Involving Modified Bessel Functions of the Second Kind 



5.1. 5 k?= E — -, k 2 = - — E 



1 p+a' 2 2a 

_ K(lc.\ n > , 

Vp + a 



f" e-P* i K (s {ax 2 )dx = — F =!L=K{k l ), p > a; 
Jo 



V2a 

f" e-'*'go(a**)*»a* = ^ 77 2 (P+ 2 7 [K(ki)-E(ki)], p > a; 

Jo 2(p z — a 1 ) 

Vtt 



77 K(k 2 ), p<a. (1) 



2(a 2 -p 2 ) V2a 



[2aE(* 2 )-(p + a)K(Aa)], p < a. (2) 



Jj" e-g"K„(a* 2 ) x 4 ^ = ^ P _ + Jj ~ 2 [(ip + a)K(kt) -4pff(*,)] t p > a; 



[(p + a) (3p + a)K(A 2 )-8paE(A 2 )], P < a. (3) 



4(a 2 -p 2 ) 2 V2a~ 



P e-P* 2 Ko(ax 2 )x 6 dx= ^, (p + ° ) , [(15p 2 + 8pa + 9a 2 )/«:(A; 1 )- (23p 2 + 9a 2 )£(£,)], p>a; 
Jo 8(p 2 -a 2 ) 3 

V7T 



8(a 2 -p 2 ) 3 V^ 



[2a(23p 2 + 9a 2 )£(fe)-(p + a)(15p 2 + 8pa + 9a 2 )K(A;2)], P < a. (4) 



f * e-^.fa^Jxy^TTp^ ^(AO-flKfe)], p > a; 
Jo la^p' — ar) 

Vtt 



2(a 2 -p 2 ) V2a 



[(p + o)A:(fe)-2p£(fe)], p<a. (5) 



f* e-" t K i (ax*)x*dx = . 7[ P + tl [(p 2 -r-3a 2 )E(k l )-a(p + 3a)K(k 1 )], p>a; 
Jo *a(p i — a i ) i 

Vtt 



4(a 2 -p 2 ) 2 V2a 



[2(p 2 + 3a 2 )£(A' 2 )-(p+a)(p + 3a)K(/c 2 )], p < a. (6) 



5 For negative p, the second results are available. 
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{ 



e -"'Ktia&Wdx = ^[ P + ^ [p(3p 2 + 29a 2 )E(k 1 ) 
o 8a(p 2 — a 2 ) 3 



Vtt 



8(a 2 -p 2 ) 3 V2a 



-a(3p 2 + 24pa + 5a 2 )£(A; 1 )], p > a; 



[ (p + a) (3p 2 + 24pa + 5a 2 )K(k 2 ) 



-2p{3p 2 + 29a 2 )E(k 2 )], p < a. (7) 



J' e -P* 2 K 2 (ax*)x*dx =T^? if + ,"L [ 



4a 2 (p 2 -a 2 ) 2 



■4p(2a 2 -p 2 )£(*i)], p>a; 



Vtt 



4 a ( a2 .-p 2)2 V2^ [(5a2 + 3 ^-^ 2) 

X (p + a)K(A: 2 ) - 8p(2a 2 - p 2 )£(jfc 2 )], 

a - Va 2 - b 2 „ b-Vb^^o 2 

5.2. fc =- ^ -, k 2 = - ^ - 

1 2a 2 2b 

k 2 + k; 2 =i, k 2 + k; 2 = i 



p < a. (8) 



n 



© 



f° C Xo(ax 2 )Ko(^ 2 ) £fa= : [JC(Jfci) +K(k[)] 9 a> b. OB 153 (2.33) (1) 

Jo 4 V2a 



T^o 

Jo 



(ax 2 )X (6x 2 ) x 2 dx = 



(!) 



2 V2a 3 (^j 2 - k\) 



[K(k[)-K(ki)], a>b. 



\ K,(ax 2 ) K (bx 2 )x 2 dx 
Jo 



(2) 



!| i 



8 V2a^ (/t; 2 -A; 2 ) 
1 



[2£(/fc,)-X(Ai) +£(*;) -2E(A;)], o>6; 



af 2 



[(1-£ 2 )K(A; 2 ) -E(k 2 )+E(k')-(l-k' i )K(k' 2 )], a<b. 

16 V26 5 (£ 2 2 ~ *1) (W 2 (3) 



a + b 



/; 

Jo 



77 



Ko(ax)K (bx)dx =— ^ K(k) . 
a -r b 
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(1) 



f " K„(ax)K (bx)x*dx = . , * rrz [K(k) - E(k)]. (2) 

Jo (« + o)(a — b) 2 

f°° K l (ax)K (bx)xdx = - . £ ... [2oK(A) - (a + &)£(£)]. (3) 

Jo 2a(a 2 — o 2 ) 

f " JE 1 (a*)K.(fa)*«dx = ir7 r - —^7 rr^ [2a(3a + b)K(k) - (7a 2 + 6»)£(*)]. ... 

J 2a(a+ o) 2 (a — o) 3 (4) 

f * g t (as)&(te)*»<k = -g .. - f, . 7T7, [(« 2 + 6 2 )£(£) -2aAK(A)]. (5) 

J 2ab(a + b) (a — b) 2 

I* K 2 (ax)Ko(bx)x*dx=-— — -jy7 rrr [a(3a - 26)£(A) - (2a 2 - b*)E(k)]. (6) 

Jo a 2 (a+ o) (a — o) 2 

f M X 2 (a*)*i(6*)* 3 <k = -g- — [(3a* + 7a 2 6 2 

Jo 2a 2 o(a + b) 2 (a — o) 3 



2b*)E{k) -2a6(3a 2 + 3afc-26 2 )K(A)]. (7) 



5-4 fc?= , ft>- 



k 2 +fc; 2 =i, fc 2 +k; 2 =i 



\ Kl(ax)K (2bx)dx=^-K(ki)K(k' 1 ), a>b; 

Jo 2a 



77 



= ^[K 2 (fe)+K 2 (£ 2 )L a<6. 
46 OB 154 (2.39) (1) 

6. Integrands Involving Products of Bessel and Modified Bessel Functions 



2 1 — Vi -bV 
6.1 k? = , k 2 = J 7 



1 i + Vi+a 2 y 2 



*2 



7 2 = 



p 2 -a 2 + b 2 + V(p 2 -o 2 + b 2 ) 2 + 4a 2 b 2 



/c, V^ 



[" e-P^Kviax^Joibx^di 
Jo 



j : °e-'>* 2 Ko(ax*)J l (bx*)dx= - y _ 



kik 2 V-n-d-A: 2 ) 

-2ff(*i)][^(*,)-(i-*i)ii:(*,)]. (2) 
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J o 



{ax*)Mbx*)dx-- 



f " e-P"K 1 (ax*)J i (bx*)dx= — ~r-, === 
Jo 3A;iA:2V 77 -(l — y 



\^ 

'9 VwAf*l(l-A|) 
X [(16 — 16Af + 3A1)A:(A:,)— 8(2— Af)^(Ai)] 

X[(l-ifcj)(2-3tJ)«:(*,)-2(l-2ft|)JF(A,)]. (3) 



3/c 1 A;2V 7r (l-A:f)(l-A;l) 
X[(2-Af)i?(*i)-2(l-if)X(* 1 )][(l-^)X(*,)-(l-2^)^(A,)]. (4) 



/; 

Jo 



e-P**K 1 (ax 2 )J 2 (bx 2 )dx = 



Vy 



x[(16-16k\ + ki)E(k 1 )-8(l-k^){2-k 2 1 )K(k 1 )] 

X [2(1 - kl + ki)E(k 2 )- {I -k\) {2 -k\)K(k 2 )]. (5) 



f."«-^^(«')/»(fa')«fc- 105 va i q ( ^i fcf )(i-i fci ) 



x[(l-/tf)(16-16Af-A:f)X(yc 1 )-2(2-A:f)(4-4^-^f)£ , (A: 1 )] 

X [(l-A:l)(2 + 5A:|-8A:|)/i:()fc2)-2(l-2A;l)(l + 4A:|-4A;|)£(A: 2 )]. (6) 

2 



6.2. *._(-*_)' 



2tt Vft 



P. 

4 



f"^o(a^ 2 )y (6x 2 )A= -£(£). 

Jo 



r»(|)V* 

f C °A:o(a^)Jo(6% 2 h 2 ^= / K(k). OB 21 (2.107) (2) 

Jo 7rVi(a 2 + 62) 



(°° Ko(ax*)Ji(bx*)dx = )£J-[K(k)-E(k)l. 

Jo 7T VM 

[°°A:o(ax 2 )./ 2 (kc 2 )<£x = ^= [(2 + k 2 )K(k) -2(1 + k*)E(k)]. 

Jo I877 VM' 

f- r2 (l)^ 

r^,(ax*)J,(6**)rfx = — V ' ,- [(l+k*)E(k) - {l-k*)K(k)]. 
Jo 12ira vyfcs 



p lil^ 



r"^,(a3t*)y,(6* 2 )* i <fe = )*' [(l+k*)E(k)-(l-k*)K(k)]. 

Jo 277a V(a 2 + 6 2 )A; 3 



(3) 



(4) 



(5) 



(6) 
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f- r, (i) ^ 

K l (ax*)J 2 (bx*) dx= X _ [2(l-A- 2 + /c 4 )£(A;)- (1 - k 2 ) (2-k*)K(k)]. (7) 
J ° 57m V A: 5 

K 2 (ax 2 )J 2 (bx 2 ) dx= — — [(2-9k 2 -k 4 ) 

J ° I687R/ 2 VF 

x (1 -k 2 )K(k) -2(1 + A 2 ) (1 -6A 2 + A 4 )£(A)]. (8) 
b 2 



6.3. fc 



2 — _ 



o 2 + b 2 



Ko(ax)J (bx)dx=-K(k). OB 22 (2.109), 152 (2.28) (1) 

Jo b 

j" Ko(ax)J (bx) x*dx = j z [2E(k)-K(k)]. (2) 

foe Q/°> 

K (ax)J (bx) x*dx = ^ [8(l-2k*)E(k) - (5-8k*)K(k)]. (3) 

f- 15£ 7 

K (ax)Jo(bx)x< i dx = [2(23-128A» + \28k*)E(k) - (31 -144A? + 128k*)K(k)]. (4) 

Jo b 1 

Too //- 

J Koiaxy^bx) x dx = ± [K(k) -E(k)]. (5) 

i*K»{ax)Mbx) x*dx=j 4 [(l-4k*)K(k)-(l-8k*)E(k)]. (6) 

K (ax)Ji(bx) x*dx = 2 £r [(3-4A*)(l — 16A*)AC(A) - (3-88**+ 128/t*)E(A:)]. (7) 

Jo o 

J K {ax)J l (bx) x-Hx = - k [K(k)-E(k)]. (8) 

f" K (ax)J 2 (bx) dx=^ l(2-tfi)K{k)-2E{k)]. (9) 

f°° K (ax)J 2 (bx) xHx = j^ [(2 + k 2 )K(k) -2(1 + k*)E(k)]. (10) 

J K (ax)J 2 (bx) xHx = j h [(2+lk?-2W)K(k)-2(l + W-2W)E(k)}. (\\) 

f" K»(ax)J 2 (bx) x-Ux = -^ [(2 + k*)K(k) -2(1 + k*)E(k)]. (12) 

f " K,(a*)/,(te) x dx=-^- k [(8-SP)K{k)-(8-»)E(k)]. (13) 

f°° £0(^3(6*) * 3 <& = £ [(8 + 3kz + 4k4)K(k)-(8 + 7kz + 8k*) E(k)]. 
Jo o 4 



(14) 
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I" K (ax)J 3 (bx) xHx = ^- [(8+ 19A 2 + 60£ 4 - l92k«)K(k) - (8 + 23A 2 + 72/c 4 -384A-«)£'(A:)]. (15) 
Jo o b 

f°° K (ax)J 3 (bx) x~ 1 dx = ^- [(8-5k2)K(k)-(8-k*)E(k)]. (16) 

Jo y/f 

[" K (ax)J 3 (bx) x~ 3 dx=2^ [(8 + 3A- 2 + ik*)K(k) - (8 + 7A 2 + 8k*)E(k)]. (17) 

f" K 1 (ax)J (bx) xdx = \E{k). (18) 

Jo ao 

r °° a** 

J K 1 (ax)J (bx)x*dx = — [(7- 8*«)E(*) - 4(1 -A*) K(A)]. (19) 

f oo 3J.5 

K 1 (ax)J (bx)x !i dx = — [(43- 168A 2 + 128A 4 )£(A) -4(1 -A*) (7 - 16A 2 )£(A)]. (20) 
J o oo 

foo "1 c: i-7 

KiiaxWoibx) xHx=—^- [(337 - 2784A 2 + 5504A- 4 - 3072Ar 6 )£ , (AO 
J o ab 1 

— 8(1 —A: 2 ) (29-176A 2 +192A- 4 )K(A)]. (21) 
f " KMx)h(bx) dx = ^ [E(k) - (l-k*)K(k)~\. (22) 

f°°/«C 1 ( a ^y 1 (ix)x 2 ^ = 4; [(1 -**)£(*) -(l-2i«) £(£)]. (23) 

J o aft 2 

Toe 3« 

K,{ax)Jx(bx) x*dx=-r. [(1-8A: 2 )(1 -A 2 )K(A) - (1-16A 2 + 16A 4 )£(A)]. (24) 

Jo ao 4 

£i(ax)/i(6x) x 6 dx = ^- [(l-£ 2 )(3-80A 2 +128A 4 )£(A)-(3-134A" 2 + 384A- 4 -256A- 6 )£ , (A)]. 
Jo a6 (25) 

(""^(a*)/,, (&*)*<** = 4? [(2-A 2 )£(A) -2(1 -P)K(k)]. (26) 

Jo aoA 

f" Kt(ax)Mbx) x 3 dx = -^z [2(1-A 2 )(1 + 2A 2 )£(A) - (2 + 3A 2 -8A 4 )£(A)]. (27) 

Jo do 

r°° 3P 

Ki(ax)h(bx) x-dx = ^- [2(1-A 2 )(1 + 6A 2 -32A 4 )K(A) - (2+ 11A 2 -136A 4 +128A 6 )£(A)]. 
Jo ah* (2g) 

\* Ki(ax)h(bx) x- l dx = -£-p [(2 -k*)E(k) -2(1 -*»)£(*)]. (29) 

["/^(a*).^*) ^ = -77 [(8-7A 2 )£(A)-(8-3A 2 )(l-A 2 )K(A)]. (30) 

J o 3aA 3 

f° X 1 (ax)y 3 (^) xHx = -^- [(8-3A 2 -2A 4 )£(A)- (1 -A- 2 ) (8 + A 2 )K(A)]. (31) 

J o ao 2 A 

r°°£i(a*)./ s (6x) x 4 A = -|- [(1-A 2 ) (8 + 13A 2 + 24k*)K(k) - (8 + 9A 2 + 16A 4 - 48A 6 )£(A)]. 
Jo ao 4 

(32) 
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f~ K 1 (ax)J 3 (bx)x-*dx = 7 ^ T z [(S-3k*-2k*)E(k) - (1 - IP) (8 + *")*(*)]. (33) 
J o 4-oa/c 

(°° K 2 (ax)J (bx) x 2 dx = ^ T [2(2 - k*)E(k) - (1 -**)*(*)]. (34) 

r °° k^ 

K 2 (ax)J4bx) x*dx = —- [2(19- 44A 2 + 24,k*)E(k) - (1 - *«) (23 -24#0K(A:)]. (35) 
J o " 2 <> 3 

f°° 3£ 5 

K 2 ( a* )Jo(bx) x«dx = -zrz [2 ( 1 58 - 923 A* + 1 408A 4 - 640/, « ) 
Jo « o 5 

x£(A)-(l-A- 2 )(211 -«48/ 2 + 64()/, 4 )K (/,)]. (36) 

[ X K 2 («*)J.(M xdx = -^- [(l + k*)E(k)-(l-k*)K(k)]. (37) 

Jo a 2 «: 

f" K 2 (ax)J t (bx) x 3 dx = 4rr> [(l-k*)(3-U*)K(k) - (3-13A 2 + 8^)£(A)]. (38) 

Jo « 2 f> 2 

K 2 (ax)J t (bx) x i dx = 2 ^ i [(I -A 2 ) (5-68A 2 + 64/r 4 )K(A) - (5-123A 2 + 248A 4 - 128/«)/?(/)]. 
Jo a o 

(39) 

P°A: 2 («x)./ 2 (/,;0 dx=^ f [(l-A»)(2-3A«)K(A)-2(l-2*»)£(*)]. (40) 

J"" K 2 (ax)J 2 (bx) x*dx=Jj^ [2(l-k*+k*)E(k)-(l-k*)(2-k*)K(k)]. (41) 

K 2 (ax)J 2 (bx) x*dx = ^- [(l-k*)(2 + 5k*-8k*)K(k)-2(l-2k*){l+U*-W)E(k)]. 

Jo « 2 /> ! 

(42) 

f " K 2 (ax)J 2 (bx) x*dx = ^ [(2 + 15A 2 - 144A 4 + 128A«) (I - k*)K(k) 
J o a 2 6 5 

- 2(1 + 7A 2 - 1 35A 4 + 256/,« - 128/,*)E(A)1. (43) 
f " K 2 (ax)J,(bx) x dx = ^^ [(1 - /,- 2 ) (8 - 9k*)K(k) - (8 - 13** + 3k*)E(k)]. (44) 

f* K 2 (ax)J 3 (bx) X 3dx = —^T [(1 + **) (8-13A 2 + 8A 4 )£(A)- (1-A 2 ) (8 - k* - 4k*)K(k)]. 
J o a 2 b 2 k 

(45) 

f*X,(ax)./a(Ax) x-*dx = — ^77 [(1-A: 2 ) (8-9£ 2 )K(A:) - (8 - 13* 2 + 3*«)£(*)]. (46) 
J o 15fl A: 



f°° K 3 {ax)J (bx) x*dx = -t T [(23-23/- 2 + 8/;-4)£(A)-4(2-A 2 ) (1 -/ 2 )X(A)]. (47) 
J » a 3 6 

J " K 3 (ax)J (bx) x*dx = -^ [(281 - 985A 2 + 108(M 4 - mk*)E(k) 

- 4(1 - /, 2 ) (44 - 93A- 2 + 48* 4 )K(*)]. (48) 
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y K i (ax)J 1 (bx) xHx = -^~ k [(3 + 7k 2 -2k 4 )E(k)- (1 - A; 2 ) (3 + k 2 )K(k)]. (49) 

f" K 3 (ax)J 1 (bx) x 4 dx = -^- [(15-43A: 2 + 24/i 4 )(l-A: 2 )K(A-) 
J o gtO' 4 

- (15-103£ 2 + 128A: 4 -48A:«)£(A)]. (50) 
(^ K 3 (ax)J 2 (bx) x dx = ^ k ~ 3 [2(1 -P) (1-3A*)K(A:)- (2 - 7£ 2 - 3£ 4 )£(£)]. (51) 

f"tfs(a*).MfcO x 3 ck = ^[(6-9£ 2 +19/t 4 -8A: 6 )E(A-)-2(l-A; 2 ) (3-3£ 2 + 2A: 4 )A:(A-)]. (52) 

i 
["/^(a*)^*) ^ = ^^ [(8-23/c 2 + 23£ 4 )£(A:)- (1-fc 2 ) (8 - 19£ 2 + 15k*)K(k)]. (53) 

f™#3(a*)./3(fc0 x 2 & = T 4?^ [(8 — 15>fc 2 + 3A: 4 ) (1 -k 2 )K{k) - (8-l9k 2 + 9k 4 -6k e )E(k)]. (54) 
J o 5a s k A 

\ * K 4 (ax)J {bx) x 4 dx = 4l [8(11 - Hit 2 + 6k 4 ) 
J o a b 

X (2-k 2 )E(k)-(l-k 2 ) {71-71k 2 + 2M 4 )K(k)]. (55) 

f X /i:4(aa;)yi(6A:)a; 3 ^ = 47[(15 + 58A: 2 -33A; 4 + 8A: 6 )£'(A;)-(l-A; 2 ) (15 + 13A- 2 -4A: 4 )K(A:)]. 
J o aA 

(56) 

f X K 4 (ax)J 2 (bx) x 2 dx = -4n [(1 - F) (2 - 9k 2 - k*)K{k) - 2(1 4- P) (1 - 6F + k 4 )E(k)]. 
J o a*Ar 

(57) 
f" K 4 (ax)J 3 (bx) xdx = ^^r [(8-33/c 2 + 58A- 4 + 15A:«) 

xE(k)-(l-k 2 ) (8-29k 2 + 45k 4 )K(k)]. (58) 

6.4. k 2 =( ; fL = ) 2 

Va 2 + b 2 + o 



Xo(2a*)J§(6*) <fa=-=7 [KM] 2 . OB 153 (2.37) (1) 

Jo to 

j"*Ko(2ax)./ 2 (M dx = ^- k [K(k) -E{k)Y. (2) 

P° Ko(2ax)Mbx) dx=-^^ [(2 + k 2 )K(k) -2(1+ k 2 )E{k)] 2 . (3) 

f° Ko(2ax)JHbx) dx= ooc 2 — [ (8 + 3A; 2 -I-4A: 4 )K(A:) - (8 + 7/i 2 + 8fc 4 )£(/i)] 2 . (4) 

Jo ZZdttdk* 

f"Ki(2a*)./8(foO xdx = * K(k)[2E(k)-(l-k 2 )K(k)]. (5) 

Jo 27Tava 2 + b 2 

(' K 1 (2ax)Mbx) xdx = -—^ r ===[K(k)-E(k)][(l+k 2 )E(k)-(l-k 2 )K(k)]. (6) 

Jo 2Trk z a\a l + b l 
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(8) 
(9) 



\ K t (2ax)Jl(bx) x dx= - - 1 / _— = [2(1 -k* + k 4 )E(k) - (l-k*)(2-k*)K(k)] 
Jo 07Tft 4 a Va 2 + b 2 

x[(2 + k 2 )K(k)-2(l + k 2 )E(k)]. (7) 

\~ K- 2 {2ax)r\{bx)dx = - r ^— [(1 + A 2 )£(A)-(1-A 2 )K(A)] 2 . 
Jo OTra^k' 

^ K 2 (2ax)J 2 (bx)dx = ~^ [2(1 ~A 2 + **)£(*) - (1 - A 2 )(2- *«)«(*)]«. 
| °° K 2 (2ax)J 2 3 (bx)dx = — - l> ?>7 [(8-13A 2 + 8A 4 )(l + A 2 )£(A) 

Jo OOU77« A 

— (1 — A:2)(8 — A2 — 4/fc4)^(A:)]2. (10) 

| °A:3(2fl^)y2(6x)^k= 6 * [(l + 14A 2 + A 4 )g(A) 

Jo 247rA: 4 a 3 V a 2 + 6 2 

-(1-A 2 )(1 + 7A 2 )K(A)][(1 + A 2 )£(A)-(1-A 2 )K(A)]. (11) 



6.5. /c 2 = 



b 



V a 2 + b 2 + o 



r=° 2/- 

K 2 (ax)J (2bx)dx= — [K(A)] 2 . OB23(2.117) (1) 

Jo /> 



f X ^ 2 ( f «)y 1 (26x)a:^= K(k)[K(k)-E(k)]. 

Jo , i 



(2) 



bVa*+b* 
J " K 2 (ax)./ 2 (2M<Ax = |- [X(*) - £(A)] 2 . (3) 

f" Kl(ax)J 3 (2bx)xdx= M2V 1= = [£(*) -£(A)][(2 + A 2 )K(A) -2(1 + A 2 )£(A)]. 



J" Kl(ax)J 4 (2bx)dx = ^ [(2 + A 2 )X (A) - 2(1 + A 2 )£(A)] 2 . 



(4) 



(5) 



\ K\(ax)J 1 (2bx)xdx 
Jo 



4k 2 a 2 Va 2 + b 2 

X [(1 + A 2 )£(A) - (1 - k 2 )K(k)][2E(k) - (1 - A 2 )K(A)]. (6) 



J " K 2 (ax)J 2 (2bx)dx = -^~ [(1 + A 2 )£(A) - (1 - A 2 )K(A)] 2 . (7) 
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' Vo 2 + b 2 +a 



f " K (2ax)J 1 (bx)Jo(bx)xdx = ^ * ^ K(k) [K(k) -E(k)] 
Jo 7ra 2 o 



(1) 



(^ K (2ax)J 2 (bx)J 1 (bx)xdx= —^jy- [K(k) -E(k)][(2 + k 2 )K(k) -2(1 + k 2 )E(k)]. (2) 

Jo 7ra ok 



fx Va 2 + 6 2 

Ko(2ax)J 3 (bx)J 2 (bx)xdx 



9ira 2 bk 4 

X [(2 + P)X(A-) -2(1 + P)£'(A:)][(8H-3A: 2 +4A- 4 )^(^)-(8 + 7A- 2 -h8^)E(^)]. (3) 



/> 



f" K 2 (2ax)J 1 (bx)J (bx)xdx= b ^^ [(1 + A 2 )£(A) - (1 - A 2 )K(A)] [2£(A) - (1 -k 2 )K(k)] . 



(2ax)J 2 (bx)Ji(bx)xdx = 



6Va 2 + 6 2 



1277a 4 A- 4 

x [(l + A 2 )£'(A-)-(l-A 2 )^(A')][2(l-A 2 + A- 4 )£ , (A)-(l-A 2 )(2-A- 2 )^(A)]. (5) 

f' C X 2 (2»x)7 3 (6^)y 2 (6^)x^= 6 " 2 +f [2(1-A 2 + A 4 )£(A)-(1-A 2 )(2-A 2 )K(A)] 
Jo 60T7a 4 A b 

x[(l + A- 2 )(8-13A 2 + 8A 4 )E(A)-(l-A 2 )(8-A 2 -4A 4 )K(A)]. (6) 



6.7. k 2 = 



Vo 2 + b 2 + a 



f° C ^ 1 (ax)^ (a^)yo(26x)jc^= / £(A)[2£(A) - (1 - A 2 )K(A)]. (1) 

Jo 2aV a 2+b 2 

f" KAax)Ko(ax)j2(2bx)xdx= 7 [£(A) -£(A)] [(1 + A 2 )£(A) - (1-A 2 )K(A)]. 

Jo 2A 2 aV a 2 + 6 2 

(2) 

f 5e /C 1 («x)/^ (aA:)y4(26x)x^= 7 [(2 + k 2 )K(k) -2(l + k i )E(k)] 

Jo 6A 4 a Va 2 + 6 2 

x [2(1-A 2 + A- 4 )E(A)-(1-A 2 )(2-A 2 )K(A)]. (3) 

f" K 2 (ax)K 1 {ax)J 2 (2bx)xdx = —. [(1 + A- 2 )E(A) - (1 -k»)K(k)] 

Jo 2U 4 a 3 Va 2 + b 2 

X [(1 + 14A 2 + A 4 )£(A)-(1-A 2 )(1 + 7A 2 )K(A)]. (4) 

(* K s (ax)K 2 (ax)J 4 (2bx)xdx=— — - ^-_[(1- A 2 ) (2-9A 2 - A 4 )K(A) 
Jo 3360A 8 a 5 V a 2 + 6 2 

-2(l + A' 2 )(l-6A- 2 + A 4 )£(A)] [(1-A 2 )(2-21A 2 -108A 4 -A 6 )K(A) 

-2(1-11A 2 -108A' 4 -11A' 6 + A- 8 )£'(A)]. (5) 
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6.8. k 



, ( a 2 -b* Y 
' Va 2 + b 2 / 



Too 1 

K {) (ax)K (bx)Jo(ax)Jo(bx)xdx= , > K(k) . (1) 

Jo 2(a 2 + 6 2 ) 
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